Abstract-Additive manufacturing (AM) or 3-D printing refers to a new class of technologies that actively construct products directly from any 3-D digital model. In the future, the broader applications of AM will require a cost reduction of AM machines. Currently, the products fabricated by low-end machines, such as those fabricated using fused deposition modeling (FDM) processes, suffer from the issue of low dimensional accuracy due to multiple error sources. To properly manage error sources for improved prevision, this paper proposes a novel strategy for error compensation in the FDM processes. First, we consecutively attribute the dimensional inaccuracy to two major error sources that affect the geometric shape of the product: 1) positioning error of the extruder and 2) shape deformation induced by processing error, including material phase change and other variations that occur. The extruder positioning error is characterized by a Kriging model, while the modeling of shape deformation due to processing error follows the method developed by Huang et al. Second, using error equivalence concept, we transform the positioning error into the equivalent amount of design input error. Finally, we adjust the design to compensate for the overall shape deviation. To validate this strategy, we conduct a designed experiment for the shape deviation prediction and the compensation. The experimental results successfully demonstrate the effectiveness of the proposed three-step strategy to manage multiple error sources in the FDM processes.
This system analyzes the measurement of specifically designed test products, derives a compensation plan, and modifies any 2-D computer-aided design model to increase the shape fidelity of the product.
Index Terms-Fused deposition modeling (FDM), shape deviation compensation.
NOMENCLATURE φ 0 Original design of a layer's production. φ Actual input design due to positioning error. φ
Final shape of the product.
e(·)
Positioning error on a shape.
f (·)
Material shrinkage effect on a shape. r 0 (θ )
Original design φ 0 represented in PCS.
r (θ )
Actual input shape φ represented in PCS.
Final shape φ represented in PCS. r 0 (θ )
Compensated design in PCS.
Actual input shape for compensated design in PCS.
Final shape for the compensated design in PCS. e x (x, y)
Positioning error in the x-axis at (x, y). e y (x, y) Positioning error in the y-axis at (x, y).
The stationary Gaussian process in the model for e x (x, y).
The stationary Gaussian process in the model for e y (x, y). g (θ, r (θ ) ) Radius change at θ due to deformation error, for shape r (θ ).
I. INTRODUCTION
A DDITIVE manufacturing (AM) refers to a new class of manufacturing technologies that directly fabricate products from 3-D digital models [2] . Compared with traditional subtractive manufacturing processes, the building efficiency of AM is independent from the complexity of part geometry. For instance, fabricating an ornate artifact does not require more time and cost than printing a simple block [3] . This extraordinary advantage makes AM one of the most promising direct digital manufacturing techniques.
Among various AM technologies, the fused deposition modeling (FDM) process is most widely adopted for consumer-level 3-D printers. A recent Wohlers report indicated that the growth of the relatively low-cost 3-D printer (under $5000) market averaged 346% each year from 2008 to 2011 [4] . However, low-end FDM machines suffer from a major issue of low and inconsistent geometric accuracy.
In this paper, we aim at a method of improving the geometric accuracy of the products manufactured by an FDM machine through analyzing and compensating its dimensional errors. Although we focus on the in-plane (x y plane) errors, this methodology has the potential to be extended to a 3-D case in the future. In the rest of this section, we will briefly introduce the FDM manufacturing process and review related shape compensation studies in the AM literature.
A. FDM Manufacturing Process
Since its inception in 1989, the FDM technology has been widely used for rapid prototyping [5] and more recently for direct manufacturing. Building a product layer by layer, an FDM machine begins with a thermoplastic filament that is unwounded from a coil and fed into a heating element. As the material exceeds its melting temperature, it gradually flows through an extruder and the melted material is deposited onto the predefined layer. The material cools down and rapidly solidifies as it leaves the heated extruder. As the plastic keeps flowing out, the extruder moves across the x y plane and deposits the material at specified locations. After one layer is finished, the working table moves down in the z-direction and the machine starts fabricating a new layer on top of the previous one until the completion of the final product.
An FDM machine fabricates each product based on a special design file, which contains the production planning information, such as the path of the extruder's movement and process parameters. This design file is generated by a software provided by the 3-D printer company, which reads the stereolithography (STL) file that represents the 3-D model by a series of tessellated triangles [6] . The STL files are commonly generated by most computer-aided design (CAD) software through slicing.
B. Related Work on Shape Compensation Studies in AM and Major Issue
Though mainstream AM research has focused on issues related to design, materials, and process/machine development, a few studies on 3-D printing quality have been reported in the literature. Several has evaluated the accuracy of the product of the FDM processes through building and measuring test parts as well as products in real applications. For example, El-Katatny et al. [7] presented an investigation of the FDM-fabricated complex medical replicas. Empirical compensation methods have been proposed to improve the shape accuracy of products from the AM processes. For example, Senthilkumaran et al. [8] established an empirical relation between the percentage shrinkage and the dexel length for the selective laser sintering (SLS) process using designed experiments with the Taguchi method. They also proposed a compensation method based on this relation to overcome the nonuniform shrinkage. In terms of error-source investigation of FDM processes, Bochmann et al. [9] determined the three sources of imprecision in FDM processes: mathematical errors, process-related errors, and material related errors. However, the errors are characterized by a machine-error model instead of an integrated model of their identified multiple error sources. Similar models have been proposed in [10] and [11] , which mapped the confounded effects of all errors of SLA machine and FDM machine into a virtual parametric machine error model. Their AM machine error models analyzed the individual deviations along the x-, y-, and z-axes and further compensated the shape deviations of final products. However, the parametric machine error model and corresponding compensation scheme took no consideration of the possible interactions among three axial directions, as well as the possible interference between the compensation applied to different parts of the product, as indicated in [12] . Huang et al. [1] established a general approach to model and predict part deviations and subsequently derived an optimal compensation plan to achieve dimensional accuracy. They successfully demonstrated the deviation prediction and corresponding compensation plan for the mask image projection stereolithography (MIP-SLA) process, where light triggers the solidification of liquid resin layer by layer. The effects of various error sources, including over exposure, light blurring, and phase change of material, were considered therein. Huang et al. [13] further extended and demonstrated the approach in [1] from a simple cylindrical shape to various polygon shapes using a cookie-cutter model. Huang [14] presented the minimum area deviation criteria that define an optimal compensation policy for 2-D shape deviation and the minimum volume deviation criteria for 3-D shape deformation.
Unlike SLA processes, FDM machines rely on the extruder movement to define product shapes. The positioning accuracy of extruders introduces a new degree of complication in shape error compensation. While the product deviation due to material solidification and interlayer bonding is more shapedependent, the extruder positioning error is more related to the accuracy of step motors. Differentiating between these two types of errors will assist to discover systematic patterns of both error sources for improved error reduction. However, no systematic approaches have been reported in previous work to compensate both error sources in a consistent framework.
To address this issue, this paper proposes the following strategy: 1) the direct modeling of two types of error sources to capture their inherent patterns; 2) using an error equivalence concept to transform positioning error into the equivalent amount of shape design error; and 3) compensating overall shape deviation by optimally adjusting the CAD design.
The rest of this paper will be organized as follows. Section II summarizes our problem formulation and strategy. Section III proposes a new shape deviation model to quantify two sources of error, and an optimal compensation strategy. Section IV validates the proposed modeling and compensation approach through experimentation. Finally, the conclusion is drawn in Section V.
II. PROBLEM FORMULATION AND PROPOSED STRATEGY
This section formulates the aforementioned problem and proposes a new strategy to manage multiple error sources for improved printing precision. It should be mentioned that the proposed strategy is applicable to other AM processes as well.
A. Modeling of Multiple Error Sources in AM Processes
The AM process errors are generally classified into two categories: shape-dependent and shape-independent errors.
The shape-independent error sources include the extruder positioning error in the FDM process and the laser beam positioning error in the SLS process. The positioning error is similar to the tool tip error of the computer numeric control (CNC) machines, which defines a pointwise transformation from the desired position of the tooltip (x 0 , y 0 ) to the actual tooltip position (x , y )
where functions (e x , e y ) represent the transformation along the x-and y-directions.
While a kinematic modeling approach has been developed to characterize the positioning errors of CNC machines, we propose to adopt a data-driven Kriging method to model (e x , e y ) with no limitation to specific fabrication systems.
The shape-dependent error sources relate to the deformation of materials. Unlike CNC manufacturing, the AM processes are usually involved with processing errors, such as material phase changes that cause shape deformation. The processing error causes deviation from the boundary of shape defined by the actual movement of FDM extruder r (θ ) under polar coordinate system (PCS) to that of the final product shape, r (θ ). The deformation effect, denoted by g(θ, r (θ )) = r (θ ) − r (θ ), will be modeled by the following regressive form:
B. Using Error Equivalence Concept to Transform Positioning Error Into the Equivalent Amount of Shape Design Error
Integrating the individual models for positioning error and processing error is another challenge in our problem formulation. Our strategy is using the error equivalence concept to transform positioning error into the equivalent amount of shape design error.
Wang et al. [15] - [17] proposed the error equivalence concept and methods to study the engineering phenomenon that different error sources generate identical error patterns. Following this concept in an AM process, positioning errors of an extruder or the laser beam can be reproduced by design input error, that is, the CAD design model instructs the extruder to move to a wrong position. By transforming positioning errors into equivalent amounts of design errors, we essentially create a virtual AM process with zero positioning errors. We could, therefore, only focus on the modeling of shape deformation due to shape-dependent errors, which greatly reduces the modeling complexity. In this paper, the modified design with the consideration of positioning errors is referred to as actual input design. In the fabrication process, the processing error is applied to it.
Based on the framework that has been introduced earlier, we propose the following method to predict the final shape of the product. 1) Let ψ 0 denote the design of a layer of production.
2) Apply the estimated positioning error to each point on the original design. The derived shape is the actual input design ψ . 3) Apply the processing error on the boundary of the actual input design ψ to predict the final shape of the product ψ.
C. Compensating Overall Shape Deviation by Adjusting CAD Design Optimally
In this paper, a systematic approach to compensate overall shape deviation is also proposed. The challenge is that the shape deviation is both influenced by the positioning error and the processing error. Based on the shape deviation modeling, our strategy is to solve the inverse problem by finding an original design which will be transformed to the desired shape of the product. This is achieved by letting the predicted final shape ψ equal to our desired shape, and solve the original shape of the product ψ 0 .
The detailed realization of these strategies will be introduced in Section III.
III. SHAPE DEVIATION MODELING AND DESIGN OF FDM EXPERIMENTS

A. FDM Error Source Analysis
Our goal is to compensate dimensional inaccuracy of FDM built parts through modifying the CAD design. Based on the understanding of FDM mechanism, we broadly classify the errors into two sources: extruder positioning error before material deposition and processing error occurred during the printing process or after material deposition. Bochmann et al. [9] refer these sources as process-related error and material-related error. The latter may include other minor error sources, such as feed rate and temperature variations. Later, it becomes clear that this classification will provide a benefit to our modeling as well as the development of compensation plan.
The extruder positioning error involves two perpendicular linear movements of the extruder in the x y plane. Due to the inaccuracy of the motor drivers, the extruder may not be at the desired position during material deposition. Suppose that the desired location of the extruder is point P, while the extruder may actually squeeze material to a different location P during manufacturing. This positioning error (P − P) is due to the systematic error of the machine and the inertia of the extruder.
The processing error that can cause shape deformation relates to the physical property of the materials and the FDM process itself. For instance, a consumer-level FDM 3-D printer usually lacks a chamber to isolate the product from the outside environment and thus cannot control the temperature and humidity when the products are manufactured. For this reason, while material is flowing out of the extruder, it rapidly cools down from over 200°C to room temperature. On the one hand, this cooling process may lead to thermal shrinkage and distortion of the material. On the other hand, the different cooling processes of different parts generate thermal stress in the printed product, which can cause further deformation over time.
B. Shape Deviation Representation
Suppose that a product to be printed has a desired input shape ψ 0 . As introduced in the previous section, the positioning error of an extruder can be reproduced by design input error. Let the deviation of the extruder positioning error be e(ψ 0 ), and then
represents the equivalent or actual input shape before processing with the extruder positioning error applied to the CAD model. After material deposition, the processing error change the actual input shape ψ to final product shape ψ through a function f
where ε is the unmodeled term.
The flowchart in Fig. 1 shows our modeling strategy when dealing with the two types of error sources in the FDM process. The error equivalence concept, which will be further applied to a compensation design later, facilitates the modeling processes to reduce the two types of error sources.
C. Extruder Position Modeling
We model the extruder positioning error in the Cartesian coordinate system with the origin being the center of an FDM working table. The x-axis and the y-axis are parallel to the two directions of the extruder movement. This coordinate system also coincides with the FDM machine tool coordinate system. Suppose that the extruder is designed to deposit material to (x 0 , y 0 ), and because of the extruder positioning error, the extruder actually deposits material at
In this representation, e x (x, y) and e y (x, y) denote the expected extruder position deviations at point (x, y) along the x-and y-directions, respectively. The actual input design shape can be written as
We select finite number of data points, (x i , y i ), 1 ≤ i ≤ M, and then measure the location (x i , y i ), where the extruder actually deposits material. Then, the measurement of the nozzle error at (x i , y i ) is (x i − x i , y i − y i ). We then use this information to predict e x (·, ·) and e y (·, ·) in the deposition area across the x y plane. Holding off the data collection issue to the next section, we first discuss the method to estimate the extruder positioning error e x (·, ·) and e y (·, ·).
The proposed method is based on Kriging in spatial statistics. Due to its flexibility in modeling spatial patterns in a broader sense, it has been introduced in metamodeling of computer experiment [18] . Moreover, the natural spatial correlations in the extruder positioning error make Kriging a suitable modeling technique herein. The existence of spatial correlation will be verified through exploratory analysis.
We represent e x and e y in the following formulas:
where μ j + a j x + b j y is the deterministic part of the model, with j = 1 corresponding to the error in the x-direction and j = 2 for the error in the y-direction. The coefficients μ 1,2 , a 1,2 , and b 1,2 are the linear coefficients. The linear trend is applied here for the following reasons: on the one hand, a general linear shrinkage pattern is observed in the data from our measurements; on the other hand, the majority extruder positioning error comes from the error of the motor movements in two directions, which are approximately linear. The positioning error's deviance from the linear trend is modeled by Z j (x, y)+ε i , with j = 1, 2 denoting the deviance in x-and y-directions. The summation can be regarded as a generalization of the independent identically distributed (i.i.d.) error in the traditional regressive model with the consideration of the spatial correlation. Here, Z j (x, y) stands for the spatially correlated error, and ε i represents the i.i.d normally distributed error with variance σ 2 ej . Z 1,2 (x, y) are incorporated in the model to address for the spatial correlation observed from the positioning error measurements. They are two independent stationary Gaussian processes with mean 0, variance σ 2 z1,z2 , and correlation function ρ 1,2 (·, ·). We have
with j = 1, 2. We adopt Gaussian correlation function as follows:
In this expression, θ j 1 and θ j 2 are the smoothing parameters that control the intensity of the spatial correlation of Z j in the x-and y-directions.
The parameters
can be estimated using the maximum likelihood procedure. The detailed algorithm is introduced in [19] .
The extruder positioning error at any point (x, y) can be predicted using its best linear unbiased predictor [20] . Here, we take the prediction of extruder positioning error in the x-direction for example, and the prediction of the error in the y-direction can be done in a parallel way. Denote the stochastic part Z 1 (x, y) + ε 1 by W 1 (x, y) . The value W 1 (x i , y i ) can be computed by subtracting the deterministic trend a 1 x i + b 1 y i from the measurement x i − x i . Denote as the covariance matrix of random vector W 1 = (W 1 (x 1 , y 1 ), . . . , W 1 (x n , y n ) ). Denote α as the column vector of covariance between W 1 (x, y) and W 1 . The elements of and α can be calculated as follows:
Then, (W 1 , W 1 (x, y)) follows the multivariate normal distribution in the following:
The best predictor of
Then, the best linear unbiased prediction of e x (x, y) iŝ
There are several variations of the extruder positioning model introduced earlier. First, if there is no spatial correlation within the extruder positioning error, the spatial correlated terms Z 1,2 (x) can be dropped, and a multiple regression model can be used to describe the extruder positioning error in two directions. The existence of the spatial correlation can be visually tested through spatial variogram [21] . Second, if there is evident that the extruder positioning error is correlated in two directions, we can represent the extruder positioning error as a functional response e(x, y, p). When p = 1, e(x, y, 1) denotes the extruder positioning error in the x-direction, and when p = 2, e(x, y, 2) denotes that in the y-direction. The technique in [22] can be applied to predict the value of e(x, y, p). In our case, the motion of the extruder in two directions is driven by two independent step motors, and the plot of spatial covariogram [21] is near 0, which indicates the correlation between the extruder positioning error in the x-and y-directions. Therefore, we postulate the extruder positioning error in the x-and y-directions are uncorrelated in our analysis above.
D. Processing Error Modeling
In the following, we propose a model to analyze the processing error in FDM processes. To describe the shape deformation of the whole product, we focus on the modeling of its boundary.
The recent work [1] proposed to use PCS to model the dimensional error for the MIP-SLA process. PCS is suitable to describe the boundary of planar shapes, since many common shapes' boundary can be represented by a single function r (θ ) in PCS, if the origin of the coordinate system (usually the center of working table) lies in the shapes. In reality, the condition usually holds for low-capability consumer-level 3-D printers, for the product is usually manufactured at the center of the working table.
Under the PCS, let r 0 (θ ), r (θ ), and r (θ ) correspond to the boundary of the desired shape ψ 0 , actual input design shape ψ , and final product shape ψ, respectively. First, we need to predict r (θ ) using the above extruder positioning error model.
We select a series of points (ξ i , η i ), i = 1, . . . , M along the boundary of the desired shape. Since the main trend of the extruder positioning error usually has a shrinkage pattern in our experiment, it is reasonable to assume that the boundary of designed shape ψ 0 corresponds to the boundary of ψ . After applying the predicted extruder positioning error to each point, their corresponding points on the boundary can be illustrated as
The functionê x (·, ·) andê y (·, ·) is the prediction function in Section III-C. Then, we transform each (ξ i , η i ) back to polar coordinates, (θ i , r i ), and use a piecewise linear function to link them, which yields an approximation of r (θ ).
Next, we need to model the shape deformation r (θ ) −r (θ ), i.e., the difference between the final product shape and the actual input design shape. The difference is mainly due to the processing error. As pointed out in [1] , the design input, either r 0 (θ ) or r (θ ), will be transformed through the same FDM process. Denoting g(θ, r (θ )) as the difference of r (θ ) − r (θ ) caused by processing error, we postulate the functional form of g(θ, r (θ )) as follows:
In this model, the shape deformation is divided into three parts: the first term c(r (θ )) is interpreted as the location-independent error representing the average product deformation. When assuming c(r ) = β 0 r (θ ), it simply suggests that the average deformation is proportional to the size of a product. The second term k a k (r (θ )) cos(kθ) + b k (r (θ )) sin(kθ) denotes the location-dependent error. Since it is essentially a Fourier series expansion, the pattern of an arbitrary deviation profile can be captured by theory. The third term ε θ represents the high-frequency error that comes from unmodeled source. Due to the symmetric property of cylindrical shape, it often happens that only a few low-order terms in the Fourier series can represent the pattern of deviation profiles of cylinders represented in the PCS.
Furthermore, we assume that the coefficients of each term are the linear function of the radius: c(r ) = β 0 r (θ ), a k (r ) = β 1k r (θ ), and b k (r ) = β 2k r (θ ). This assumption is based on the fact that the magnitude of shape deformation due to thermal shrinkage and material phase change is approximately proportional to the length of the product. With this restriction, the shape deformation model can be written as
+β 2k r (θ ) cos(kθ)) + ε θ (4) where the unknown parameters β 0 , β 1k , and β 2k can be statistically estimated. The index k starts from 2, since the coefficients r (θ ) cos(θ ) and r (θ ) sin(θ ) are usually close to zero as the origin is selected to be the center of the shape.
E. Compensation Modeling
The aim of this paper is to reduce the shape deviation of product by modifying the original design according to our predictive model. This plan can be specified by adding a function x(θ ) to the original design r 0 (θ ). We denote the design after compensation byr 0 (θ ) = r 0 (θ ) + x(θ ), the actual input considering the extruder positioning error byr (θ ), and the shape of the manufactured item byr (θ ).r (θ ) should be as close to the original design r 0 (θ ) as possible. According to the processing error model, we havẽ
We now expand g(θ,r (θ )) to the second-order term
To yield optimal compensation, we want E[r (θ,r 0 (θ ))] = r 0 (θ ), thus
To simplify the calculation of the optimal compensation, we approximate the extruder position error of the compensated shape by that of the original shapẽ
For the following reasons, the above approximation is valid. The extruder position errorsê x andê y are quite smooth (as predicted by Kriging with Gaussian correlation function). The points (θ,r 0 (θ )) and (θ, r 0 (θ )) are quite close, thus the estimated extruder positioning error at these two locations is close. Therefore, the radical component of the extruder positioning error at (θ,r 0 (θ )) should be close to that of the extruder positioning error at (θ, r 0 (θ )). Plugging (6) in (7), we have the expression for the compensation
where β 0 , β 12 , and β 22 were estimated from model (4). 
IV. METHODOLOGY VALIDATION THROUGH EXPERIMENTATION AND CASE STUDIES
To validate the proposed method, we conducted experiments with a desktop FDM machine, Makerbot Replicator 2.
A. Investigation of Extruder Positioning Error
The following experiment is designed to predict the extruder's positioning error. We begin with printing some small, discrete marks on the platform, and then measure their locations. Although all the printed products suffer both extruder positioning error and processing error, we may anticipate that the processing error that leads to a shape deformation will have less effect due to the small size of printed marks and is, therefore, negligible in this experiment. By printing a number of small discrete marks on the stage, we can isolate the extruder positioning error from material deformation to a greater extent and gain an insight of its pattern.
The cross-shaped marks are used in our experiment. In order to place denser marks on the working table and yield higher accuracy, the marks should be as small and thin as possible. Preliminary analysis of the marks' reliability motivates us to use cross marks with width 1.25 mm and length 6 mm in our experiment.
Later, we simultaneously manufactured this type of marks, in an 11×11 grid pattern. The interval of the grid is 8 mm. The mark at position (−4, −4) failed to stick to the working table, but one mark missing does not affect our further prediction. An illustration of the marks' design and a photo of the fabricated cross marks are in the Supplementary Material.
The position of these marks is measured by quality vision international Sprint MVP 200 Optical Measurement System. Their coordinates are first translated, so that the cross at the center is exactly at (0, 0). After that, we rotate the coordinates, so that the direction of the grid's pattern is as parallel to The dashed arrows in Fig. 2 show the Kriging prediction of extruder position error at these points, which match the pattern of measured position errors.
To further validate our method, we reproduced this experiment with another marks' arrangement with tilted grid pattern and the same dimension of the marks, and measured the deviation of the printed marks from their designed location. We find that the estimated extruder deviation pattern is very similar in two experiments. The illustration of the design and the result is in the Supplementary Material.
B. Investigation of Processing Error
Next, we analyze the shape deviation of three circular plates to illustrate our processing error model. Simple circular/ cylindrical shapes are studied throughout this paper, since a thorough understanding of their deviation pattern plays a critical role to control the precision of more complicate 2-D shapes. As demonstrated in [13] and [23] , the predictive model for simple cylindrical shape serves a fundamental basis function to connect and extend to polygons and freeform 2-D shapes.
The heights of the circular plates are 1 mm, and the radii are 10, 20, and 40 mm, respectively. The circle with 30-mm radius is not included in the model building, since it is left for model validation.
The shape deformation modeling begins with the calculation of r (θ ), the actual input design of the products. We select 2500 points uniformly distributed on the boundary of 10-mm circular plates, 5000 points on 20-mm circular plates, and 10 000 points on 40-mm circular plates. We computed the prediction for the extruder positioning errors at these locations, added them to the original design, and obtained a series of points on the actual input shape. We transform the new points into polar coordinate representations, and then link the new points for each circle. The actual input shapes for r j (·), j = 1, 2, 4, as shown in Fig. 3 , are derived.
Next, we fabricated the circular plates with radii 10, 20, and 40 mm and measured them by using the optical measurement system. The Measure-X software automatically traces the points along the boundary of each circle, and records their coordinates. We obtained 543 points for the 10-mm circle, 6054 points for the 20-mm circle, and 9812 points for the 40-mm circle. The centers of the circles are fitted from the points on each circle using the algorithm introduced in [24] , and the points representing the circles are then translated, such that each estimated center coincides the origin. Denote the points by (θ i j , r i j ), with subscript j = 1, 2, 4 denoting the diameters and r i j = r j (θ i j ).
We then subtracted the curves representing the boundary of the imaginary shape from the boundary curves of circles' measurements. The relationship between the deformation r j (θ i j ) − r j (θ i j ) and angle θ i j is shown in Fig. 4 , for j = 1, 2, 4.
We estimate the parameters of the regressive model (4) with N = 2. Instead of finding the least square estimators of β 0 , β 12 , and β 22 , we propose to calculate the values of the Estimated shape deformation and its fitting, for circles with r = 10, 20, and 40 mm, from top to bottom. The solid line denotes r(θ, r (θ )), and the dashed line denotes the weighted least square fitting using (4) with N = 2.
parameters that minimizes
where ε i j means the estimated residual for the j th data point on the i th profile. This yields the weighted least square estimator [25] , which can ease the tendency of underfitting 10-mm circle due to its lack of data. The fitted curve is plotted Fig. 4 , and we can see that the major trend in this model is explained.
C. Validation of Compensation Strategy
Finally, we test our compensation strategy based on the model estimated earlier. We computed the radial compensation x(θ ) using (8) at a series of θ uniformly arranged in [−π, π] for each circular plate, and calculated the coordinates of a series of corresponding points on the boundary of the compensated design. By linking the points for each circle, a satisfactory approximate of our compensated design is obtained. Because of the high density of the vertices, the product fabricated from this design is close to a cylinder. A photo of the compensated shape is in the Supplementary Material.
We test our strategy by fabricating four new compensated circular plates which intend to yield four circular plates with radii 10, 20, 30, and 40 mm. These compensated parts are manufactured according to our new CAD models described earlier, and their boundaries are measured and converted into PCS. The comparison between shapes with and without compensation is shown in Fig. 5 . We also computed the mean and mean squared error (MSE) of each circle's radius by
where N is the number of data points on the circle's boundary, r 0 is the nominal radius, and r (θ i )'s, i = 1, . . . , N are the measurements on the circle's boundary. The mse of the compensated shapes, the mse of the original shapes, and their ratios are compared in Table I .
In Fig. 5 , we can see that in all four cases, the majority of the errors have been eliminated. This indicates that our compensation strategy has an excellent ability to improve the dimensional accuracy of the product. The observations from Fig. 5 coincide with the ratios of improvement in Table I . Specifically, the 30-mm circle which is not included in our model building also enjoyed a high degree of shape improvement. This indicates that our method has the potential to be implemented to a class of new shapes whose prototypes are not included in the model building procedure. Moreover, we found that the improvement of larger shapes is better than those that are smaller. The 40-mm circle has the lowest mse ratios, which indicates the best improvement of shape accuracy. This can be explained as follows. On the one hand, the effect of an extruder positioning error and shape deformation increases as the shape becomes larger. On the other hand, the extruder's path along the boundary is more flat, and the error which relates to the nozzle's complicated movement becomes smaller. With the increasing proportion of error that we can compensate, and the decreasing proportion of error that is out of our control, the improvement is more significant for larger products.
V. CONCLUSION In this paper, we established a systematic approach to reduce the dimensional error of 3-D printed products in the FDM processes. By analyzing the mechanism of an FDM machine, we built a model based on two major sources of the dimensional inaccuracy: extruder positioning error and material deformation. Through a mark plate experiment, extruder positioning errors are predicted via Kriging method and is further treated as a design input error under a novel framework of modeling the product shape deformation.
Based on the model we proposed, we derived a strategy for improving the dimensional accuracy through compensating the original design. The optimal amount of compensation is determined, so that the predicted shape of the final product through our deviation model is exactly the original desired shape.
We successfully extracted the extruder positioning error from various confounded error sources by a special mark plate experiment, and a detailed experiment indicates that our model adequately describes the processing error of the products. Finally, we validated that our compensation strategy significantly improved the dimensional accuracy of the circular plates with different sizes in terms of mean squared error (MSE). We are confident that improving the shape accuracy of 3-D printed products by compensation strategy is a promising field of study. In future research, we will try to validate and improve this method by applying it to other shapes and 3-D products with more complexity.
